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Poisson Frocess (wi\—h PYObi;li'\—/ YevieV\J)

In this woke, we will consider an importany
vandom process called Yoisson process. This
is o popular moedel fov costommer

calls re_osues‘\'e_é Yo +e\e,ohone

\arbcess
lel-vou\s Ovr

S)ls'i’evv\ S.

We stea.t Ly mocle.\\‘ns Poissen FProcess ous co
vcuﬁéof\n arvang e meny O‘F \‘MkaS”Lder\o‘\'ea
by “x“ ) on the rime line. These mavks

1298 indicate +we Fime Hhabr coustomers
ayrive ©r $re Hane et call veg ve sYs ase

woade .

N
ray ey H———H——K—>

“';n\e

We w'.\\ ‘FOCUS o One kin& b{' fo'|550n fvoces.s:

hO”\OjQﬂQOuJ Poisson process

Fromm now on, when we scy ~ Poissvon rvoce,.ss”)
wrat we meoan 1S “\«oMoﬁeﬂeoug Poi sson

P

r’oce gs °

The -&rs'\" prorc_,\- of Poisscn process vt
ou Sshould vemenibe, s Haat

there (s on\y one Paramefef !;o,, Poiss o
precess . This parameter is the vate ov
intensity of avrivals (Hﬂe o«vefajo Nnusmber
of arrivals pev untd Hme).

We wvuse )\ o derno¥e this ‘mfame:\'er.

T )\ is a con stant  the Poisson process
s \'\omo?)(’_meo\Js.

TE N s a fvaction o'F -\—'.mej soy XL\')}
twe Polssen process
1S nor\—homoger\eous.
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Oov /\ \s constYant becouse we -‘-ocus o
\no“r\btaeneous Poiswn fvoceSS.

S0, how coan this A contvol te Foisson froCtss?
The key idea s trat tve FPoisson process (fF)
'S &y ven dows /uns‘\"uc'\'we,é Gs a procesy Con be.
Theve ‘Fovej it we coasi der  wan o n—ove;\qff')nj
'\n*'@.rval]s 6n e time-line shoan VC\ON)

In‘\‘!.v v&\ A ]:vn "'Q’VG‘ YA In"'e: va\ 3
v [ ..), | - C. %_\ e r L A ne S
r e LI\ ra __‘ A LAI\ J [ L- J ra r

o‘né couvat thre wrumber O'F avvivals in Tese
Tnates va\S.

'T]ne.\n)-\’\'\e_ numbeyg N1) Nz,Ng should Le
;néefenaev\‘\"/' at s k“°w.‘n5 e value 0‘[‘
N, doe> ot Fell Uy o +h;n) or all abouy what
Nz o g N3 will be. This 15 what we ave Do{'\j
Yo take a5 < Ve g ue definitor of tre
‘Eo\m 'a\C‘H‘- van doa ness O+ +e Pois son frbceSs.

So now, we Wave One mMOre profe:i-/ ofF PP:

The vvumber of crrivals in r\on—ovev\qrpiqa
'\V\‘\'e/va\s v e .lndefe,héen'\-.

&/ sa.y'.nj somethiag Cive 'méeponc\em'\‘ of Couvse
we vean it jA Yorms of r;ro\aab',l{ . Note
Thet 1T v be. g \\\sz) N} above T arve yondom.
Becavse Ywey ave couvating e nuombes of arrivals,
we lknow Prat 'H—\e/ cas be any nof\-ncjo.r'.ve.
'\f\\'et.]efs'-
O, 1,2, %, « cuum

Becavse we dor’t know Preir exact values . we
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Becavse we don’t know Phreir exact valuey | we

describe Yenr vie e \'kelihood or ‘wobqb”ib
ratr Pty v\ Yokt one of prese values,

Fo: c,):o\mf\e_/ ‘Fo/ N.,/ we A,_,c_,;},e RS ]o),
PLNf_o:\/ PLN“;‘\]/ p[N1 =z'_\/ .

where
PLN, =k] 35 bre probability that N,
Yakes e vauve e,

The oabeoyve 1otation s o bt |0n3. So, we
de"—'i'\e-
Py (k) =P[N1'—]L].
1

This P () is Then o Lonction of k which

Yells tne probability tatr N, will take o
Po\z‘ch\Ou valve K. We cal) PN1 rhe f"°l=°'b"l'p+/y

Mmass 'FUA c¥ion (rm-{-) o{" N,\

A'\' 'H’\l‘) fD'lf\'\'JwQ éol\"\" know vy\uc\ﬁ 01\7001' FN (k)
e_xce‘a'\- ot ‘Hﬂe/ ave Le'\-ween o ond 1 o;nl:l

e suvmn Pove)
ZFN,UL) = 1. c—— 7
=0

W These two ove

e ne cesscary
o~d suf ficieny
properties of

OL/\/ f’m‘[’

Whern we sa)/ tha Y N1 ond N, ove :adepen&en’\;
Y meons Prat

PLN1=k and Nz:m]

(w\r\ic% s tne froba)ps\'r\}v that N, =k ong
Nz’cm) Canbe writrte os e froduc,'\'

P, k) % Py ().

Do we kvow O;A/'Hﬁ'\r\j else ab oot N1/ NI)NJ?
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What obouY e >\7 Can wwe connect J\ +o
NS, Nz/Nj?

Re call tra¥ >\ 1S e o\ve/qje Nua ber of
O-YY'nva‘ per U/\'\'\' e

So, A =65 1val e we
>, 5k o Vi ve S/lnour A

exeect that NUN,_) N, shoold si'c-')'{JHCCcl\)/
aavee with t+hnis >\_ How ?

LeY’s ":5151' be wrove s,occix-(c cbout tHe time
dwa tio~r of Pe intervals ot we lave
eavlier. SU{)FOJQ treir ]C“D'\'hb ove "'I'“TbT~3
Vesfcchel)' .
T

" T2 TC!,
< —> &—> L&/
L 1 [ | N 1 N
L A L 1 L | -
—_— (U ) —
N1 Nz N:‘:

T\r\gn) you s\nou\A eX(leC+ Yt

EN, = AT,
IEN.L = >\TL

(cverese)

Recall that )EN,I s e CXfCC'\"a‘\"\Of\ ot te

voan don varioble N 2

En, = 2 ko ok]

/

{\V&]UCJJ WCS?V‘*CA b\/e -(-VQC.B\;W(/
o“‘ occuyronce ©

Fov excm (\e/ suppose A= 5 or va]y‘no Oy
ond T_‘ = 2 houv.
T\r\en y ov W?\)\A ?)e+ cbout >\XT1 =10 OlYV;vG\S_
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douw, n5 The 45ty 7 iater val. Of coure, e numbes
of arvivals s voandow . So/ this nuvm be., 40 s
O\n owvevace ov te Q_KPCC‘HLA no Iaer) o+ t™e

octual valve .

Ir\ CO'\clus{oo we nown \Lnow y\Ove G'\ooo+ ff.

For o«r\/ TAa¥evval of lemethn T, tle e.x,oec'\'e&
ronber ‘o arrivals 1A ths tatesve)l s 3’.\/%

Ve EN = AT

The vext ke./ idec. s to consider a small
intYerval. Luwmacgine dividiag e tise - +evvo)

of \evujﬁn T “fa¥Ye W e_asuc.l slots.
T

v

[HL W | PR W, T, W |
LI S

L3 b T - )
| L L

\ 4

1)
\J

\
.<-

Y
\

-—

LY
)

JHJI" A

Then each slot wovld be o Hae iaYerva)
O'T' Auva‘\'\'of\ l
m

T+ T =20khoand n=10000, then eoch

smcqﬂ tnterval wou\d e ve ler\7+\n

T . 2° = 0.002 hour,
n 10,000

Wh do we cons) de. Svviarl] 3n+2vva]?

The kc): s That as e j~terval becomes

ve_v)/ s rcil) Yhenr 1} s extremely Unl',lte]y
et trere w'|“ be mMorve o ,4 vy Vél&

olu V;nj s snall amout O‘F 'Hmef

Twe obove Steatement s more @cCuvate O
we incvese the wvolue vi which Aecvases

e |ew3+h ot each small iakval even -(-‘urh-er,\

What we ove AO'll\s \/\eve. '$ Yo GpYOxXymote Co

a
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conYianvous - Fiae 'ovroces.s b)/ o discrele-tHae
)DvoCcss_

(You olsb do this when YoV f\°+ o 310\/)% of

Onn)/ -Func'\-i 0N 7"(;). You evaluatre e values
of’ fre fu~ction for oy valves of s vher
¢ &£ ove close enocu v Such tPhrat ’\O'hﬁlr\j

suvfw:.s',n\j cown lr\o'ffeﬂ 1A ‘oe."‘wee)q-

» Fun)

|:':|-|'?>d—)

I+ we et yo be wove piogevous, we wou\J
have Yo bouvad +e evrov frem such ap,arox':m‘]‘{orb
and show tatr v ervrov dbq/ofca/ Qs oo,

T will vhet do +het lere.

Whet do we oorinm ]9)/ cor\széevir\j discrete ~time
approximotion’

Whenr the }n"'efvoﬂ s Sman eV\OUJV\) we Coan
ossume oY atf ~ost 4 arrivael eccurs .

So wow et N, Le ),é\owv-'va].s 1a Slot 4
N be e v Z

2
N, be “ w 3

ohd SO own s shovun ‘oc.\ow'\

Then, the N, are all Bevnodli vandom variable!

(T\'\;; s be canuse '\'»-c/ con oﬂ// be O ond 1)

Ih w\r\‘,c\n COISC/ +e fﬂ\7£ ‘PO/ e N; re_duce.J
to only +we val ve s
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-

to only +wo val ve s

P[Ng=0] ond

PLN&=11

We also kvow Haat Ye avevg

e V\uMlov./ o{'
arvivals shoould be 3

EN, =Ax T

g\

t]ehfﬁ’\q ot eachh slot
SQ/ Ol-]\ NA-o ove Bevnoun; V.V. w"-\-}, Ve saane

oaveva c!! /-\lso) Heyare all ;ndeanAEr\'\' becowe
‘H&)/ corme ‘cVOVV\ mion -over\apfirj '.-\\—e/vov'\s.

FOV BewV\OO\\{ v.V. X/ '\"'C. owevaje. 1S

EX = O0xP[x 0] v axP[x=1]
=P[x=1])

We ouse Poszx:ol ond P“EPLX\:1]

to S‘lmf1'l-r—)/-\4‘tho\-0~+';0n -[;o/ BQIV\OU”" r.\V.

Ren ce,

EX =P,

OB course, we shoold clso Wnow kot Potf,=1.
In otrer wovds, it we lkvow

IEX of a Pes-rooli
an\dom var|'a'a\e/ w e 0\50 know 'n\".s Prv\7c

P, = Plx=11 = 1EX
Po=P[X=0] =1-EX.

Fovr oouv

A:sove,"tc. -Fiwe QpPvo x. ot f’", we ymnow
kvow et all of e N N, ..- ove tre some
expec fation

EN, = IENZ=LEN}= e = AL

)
For A= 9, T=20, n=40,000

NI = 0.01 o«n"iva),
N
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So, tle pm7£'l of ol N,N,, ... ove all te sowe.!l.

'The/ owve 30 veVr\&J \9/
P1:>“E ond l”o=1">‘I;‘

Thre proba lpﬂ';‘y
fhat trere wil)

'oe an o:rr;va\
ia te Small 1atesva)

We 50\7 Mot N‘\)NZ/N ave ;.'\.A,.

3 "7

( inde "ena&ﬂ’f o~rd ide~t an)/ Arb'\’/i lou'\'CA )

Ar Yhis po‘n'\'/ }/ou can use MAT LAL Yo (De.nc:ar\-e_
o. PP US.lnﬁ tis discrert Yime appro X,

Fi/a'\'/ we {-Ix He end \"ung_To{‘ o s'-mulu'\'for\.
(ex. T=20 lnr.)
Thev\) wWe (J(vfcle T i1ato »n  slots

(ex. n = 1o,ooo)

For each slo'\’/ OV\\)/ +wwo cadey coan \qu(em 2

1 ovriva)
oV

no c«/r.’va-)

So, 9ene vate Pervooulli r.v. for each slot

vt
W Th P, = )\xI (,.{- =0 o«M’vo\s/lnr)
n
_‘_m f1;o.0'1)

To do this For 15000 slots at e sau~me
'Hme/ we Con U3t

Vavwa (‘l/m) ‘<4 F’1

oV
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binovnd (4, p1,41)
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